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Abstract A general theory for the
electrophoresis of a cylindrical soft
particle (i.e., a cylindrical hard col-
loidal particle coated with a layer of
ion-penetrable polyelectrolytes) in an
electrolyte solution in an applied
transverse or tangential electric field
is proposed. This theory unites two
different electrophoresis theories for
cylindrical hard particles and for
cylindrical polyelectrolytes. That is,
the general mobility expression
obtained in this paper tends to the

mobility expression for a cylindrical
hard particle for the case where the
polyelectrolyte layer is absent or the
frictional coefficient in the poly-
electrolyte layer becomes infinity,
whereas it tends to that for a cylin-
drical polyelectrolyte in the absence of
the particle core. Simple approximate
analytic mobility expressions are also
presented.
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Introduction

In previous papers [1-3] we have proposed a theory of
electrophoresis of a spherical soft colloidal particle (i.e.,
a spherical particles covered with a layer of polyelec-
trolytes). This theory unites the previous theories of the
electrophoresis of spherical hard colloidal particles, of
spherical polyelectrolytes, and of plate-like soft particles.
In the present paper we develop the above theory to derive
mobility expressions for cylindrical soft particles.

Theory
Cylinder in a transverse field
Consider an infinitely long cylindrical colloidal particle

moving with a velocity U in a liquid containing a general
electrolyte in an applied electric field E. The origin of the

cylindrical polar coordinate system (r, 0, ¢) is held fixed at
the particle. In this section we treat the case where the
cylinder axis coincides with the z-axis and the polar axis
(0 = 0) is set parallel to E so that E is perpendicular to the
cylinder axis (Fig. 1). We assume that the particle core of
radius a is coated with an ion-penetrable layer of polyelec-
trolytes with a thickness d. The polyelectrolyte-coated
particle has thus an inner radius ¢ and an outer radius
b = a + d. The relative permittivity ¢, takes the same value
both inside and outside the polyelectrolyte layer. Let the
electrolyte be composed of N ionic mobile species of val-
ence z;, bulk concentration (number density) n° and drag
coefficient 4; (i = 1,2, ..., N). We also assume that fixed
charges are distributed with a density of pg,(r), which is
a cylindrically symmetrical function of r = [r| only. We
adopt the model of Debye—Bueche [4] that the polymer
segments are regarded as resistance centers distributed
uniformly in the polyelectrolyte layer, exerting frictional
forces on the liquid flowing in the polyelectrolyte layer.
Here we denote the frictional coefficient by 7.
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Fig.1 A cylindrical soft par-
ticle moving in a transverse
electric field E. a = radius of the
particle core. d = thickness of
the polyelectrolyte layer cover-
ing the particle core. b =a +d

The fundamental electrokinetic equations are [1-3]

anVxqu+nyu—ZV(3,uan‘°) a<r<b,
(1
anVxqu-ZV&uan‘o) r>b, (2)
i=1
V-<n§°)u —%HEO)V5/,LL-> =0. 3)

Here u is the flow velocity of the liquid relative to the
particle, dy; is the deviation of the electrochemical poten-
tial of the ith ionic species due to the applied electric field
E and n!” is the equilibrium concentration (number den-
sity) of ith ionic species. Equations (1) and (2) are essential-
ly the Navier—Stokes equations for the liquid flows inside
and outside the polyelectrolyte layer and Eq.(3) is the
continuity equation for the ith ionic species. The distribu-
tion of electrolyte ions at equilibrium n{® obeys the
Boltzmann equation and the equilibrium potential
W% satisfies the Poisson-Boltzmann equation, both being
functions of r only, viz.,

oy (0
n{® = n; exp< %) , 4)
(0) (©
Ld(ar\ _p00) "
rdr dr £:8¢
with

a<r<b,

N z;ey'®
> zien” exp(— k‘g" >+ Pex(7)s
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Zzien?oexp<—%>, r>b.

i=1
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(6)

By analogy with the case of spherical particles
[5,6,1-3], we may write [7]

oui(r) = — zie;(r)E -t = — z;ep(r) Ecos 8, (7
()= —Y(@rE-t=—Y(r)Ecosf, (8)

u(r)=(ur,u6,0)=<—ME 9—(—)‘E

n g, 0> )

with £ =r/r and E = |E|.
Eqgs. (1-3) gives

Substituting Egs. (7-9) into

L(Lh — 2’h)=G(r), a<r<b, (11)
L(Lh)y=G(), r>b, (12)
with
A=Qm', (13)
where
2

.
is a differential operator and G(r) is defined by
6= ==L Y nexp(— 2 (15)

Here y = ey/\?)/kT is the scaled equilibrium potential. The
solutions to Egs. (10— 12) must satisfy the following bound-
ary conditions: (1) no electrolyte ions can penetrate into
the particle core; (2Ju =0atr =aandu—- — Uasr — o;
(3) the normal and tangential components of u(r) and the
hydrodynamic stress tensor must be continuous at = b;
and (4) the net force acting on the particle must be zero in
the stationary state.

The electrophoretic mobility, defined by u, = U/E,

where U = |U|, is obtained from the solution to Egs. (11
and 12) via

h
= lim 20 (16)

(see Eq. (9)). We thus obtain the following general expres-
sion for the electrophoretic mobility i, of a cylindrical soft
particle in a transverse field:

H(Jb) _lf}o[l __{ 21n<£>}:|G(r)dr

o= bF()tb)
@ 2 1
_ “ZF(/Lb { < >G(r)dr+2«2§H(ir)G(r)dr

h(b) +

H(/ib)

ZAZF(/Lb) (17

3: { rz F(Ar)}G(r)dr
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with
H(x) = x{Io((a)K{(x) + Ko(Za)I,(x)}} — 1, (18)
2
F(x) = xIl(x){Ko(/la) _ % KZ().a)}
a2
+ xKl(x){IO(Za) 32 Iz(ia)} , (19)
(;'b)z |: - a ) q
W=1+ I, (2b)Ko(£a) — K, (Ab)I(2a)
2
— & Uo(h)Ks () - Ko(zbnz(/ﬁa)}] , (20)

where I,(z) and K, (z) are, respectively, the nth order modi-
fied Bessel functions of the first and second kinds.

In Eq. (17) h(b) can be obtained from the force balance
on the polyelectrolyte layer, viz.,

h L d 1

(b) —mfpﬁx(r) -(r’Y)dr 1)
which is obtained from the constraint that the net force
acting on the resistance centers in the polyelectrolyte layer
must be zero, ie., the electric force acting on the fixed
charges must be balanced by the frictional force. Here Y (r)
can be obtained as follows. From Egs. (7 and 8) we find
that

op(r) = i ziedn,(r) =

i=1

— &80 A0 (r) = g,¢g Ecos0- LY (22)

and

1
T ok T S

z z7e2nOr)- (Y — &) . (23)
Thus, if the double layer potential remains cylindrically
symmetrical in the presence of the applied electric field (the
relaxation effect is neglected), i.e., dp(r) = 0, then it follows
from Egs. (22 and 23) that

LY =0 and Y = ¢, (24)
which gives

a2
Yr)=¢i(r)=r+ e (25)

Thus, when pg,(r) = psx (=constant), Eq. (21) becomes

x(bz _ a2
h(b) = ﬂﬁ——nW_) (26)
In this case Eq. (15) reduces to
dy a2 N
G(r)= ———(1—!——) nziexp( — z;y) . @n
n dr r? i;

Approximate expressions for

Let us consider several limiting cases of the general mobil-
ity expression (17). In the limit a — b, the polyelectrolyte
layer vanishes and the particle should become a rigid
paricle. Indeed, in this limit Eq. (17) tends to

[ oo

Equation (28) is the general mobility expression for a cy-
lindrical rigid particle with a radius b in a transverse field
obtained in the previous paper [7], which leads to Henry’s
mobility formula if the potential is linearized [8]. Also, in
the limit 2 —oc, the polyelectrolyte-coated particle be-
haves like a rigid particle with a radius of b and the
slipping plane is shifted outward from r=4a to r =b.
Indeed, in this limit Eq. (17) tends to Eq. (28), although the
potential distribution ©X(r) in G(r) is different from the
limiting case a — b, since for the case of 1 — o0, electrolyte
ions can penetrate the particle surface and the particle-
fixed charges are distributed not only at r = a (i.e., at the
surface of the particle core) but also throughout the poly-
electrolyte layer (a < r < b). Thus the mobility values are
in general different for these two cases.

In the limit a —» 0, the particle core vanishes and the
particle becomes a cylindrical polyelectrolyte (a porous
charged cylinder) of radius b. For the case where ¢ — 0 and
the polyelectrolyte is uniformly charged, ie., pg(r) =
pix( = constant), Eq. (17) (as combined with Eqg. (26))
becomes

pﬁx bZoo 2 r
e {1 (5) - 2m(p) feme
1 b r2

2_5)[1)2 bI,(ib)

1 iblo(7b) ] % r
S B e\t Y (S WL PETA
* 2;.2[ on, by |5 o
Further, for low potentials, y*(r) can be explicitly ob-

tained from the linearized Poisson-Boltzmann equations
(5) (with Eq. (6)), viz.,

(28)

rl, () } G(r)dr

(29)

YO(r) = ggi’;? [1 — kbK, (kb)o(k)], 0<r<b, (30)
r¢0

YO = L2 sebl () Ko(r), r=b, (31)
Er€oK

where
1 N 5y 5 1/2

K= <s,80kT,-:Zl z7 e n; ) (32)
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1s the Debye—Hiickel parameter. By substituting Eqs. (30
and 31) into the general mobility formula (17), we obtain

po = pf”; Pisb [Il(Kb)KO(Kb)
ni 2K
CTo(ab)
+ ! i 2 {KIO(Kb) — A 1(:(:19) Il(Kb)}Kl(Kb)] . (33

If, further, kb > 1 and Ab > 1, then Eq. (33) becomes

_ Pix 1+1 AN 1+ 42k
= nAiZ 2\ k) 1+i/k |’
Note that replacement of 1/2 in the brackets on the right-
hand side by 2/3 leads to the mobility expression for
a spherical polyelectrolyte derived by Hermans and Fujita
[9]

Next consider a plate-like particle, that is, the limiting
case of g -2, but the magnitude of id = A(b —a) is
arbitrary. Then, Eq.(17) (as combined with Eq.(26))
becomes

(34)

X LY . .
= m[w(— d)+ Jd Y(x)sinh {A(x + d)}dx:|

1 1 0
| pax)sinh{A(x + d)} dx ,

T 7 Cosh(id) 2, (35)

with x = r — b. Consider further the case where id > 1
and rd > 1. If the electrolyte 1s symmetrical with a valence
z and bulk concentration n™ and pg,(r) = pg, (= constant),
then the potential inside the polyelectrolyte layer can be
approximated by [1-3]

W (x) = ¥pon + (Vo — Ypon)exp( — knlx|) (36)
with
wDONzklln[ Pix +{< Pix ,>2+1}”2} (37)
ze 2zen™ 2zen™
_ kT Pfix Prix ? 1z

Vo= ze <In[2zen°° M {(2zen“> * 1} :|

. 2zen™ [1 B {( pﬁxoc >2 N 1}1/2]> , 58)

Prix 2zen

where Ypon is the Donnan potential in the polyelectrolyte
layer, ¥, is the potential at the boundary x = 0 (or, r = b)
between the polyelectrolyte layer and the surrounding
solution, which we call the surface potential of the soft
particle, and

2 J1/4
Km - [1 + < pﬁx ) :|
2zen™

(39)

is the Debye-Hiickel parameter of the polyelectrolyte

layer. By substituting Eq.(36) into Eq.(35) (with
Pix(X) = pgy), we obtain
0 = o YWo/Km + [pDOfQ//' p?’; . (40)
n l/km + 1/4 ni
For low potentials, Eq. (40) becomes
N ,
Prx AN 1+ 42k

= 1 -} 41

L n;ﬁ[ +<K> 1+/1/;<}’ “D

which differs from Eq. (34) by a factor 1/2 in the second
term in the brackets. The reason for this is given later.

Finally, consider the case where /Za> 1, ka> 1
(and thus Ab> 1, kbh>» 1), ad=Ab—a)> 1, kd=
k(b — a) > 1 and pg,(r) = pg. In this case, Eq. (17) (with
Eg. (26)) becomes

; 1~ 2
ML= p?; +- [(V — by +Z(r— b):|G(V) dr
nes 4y A
1 X
— 52 (1 =GO dr .
A

a

(42)

For the case in which the electrolyte is symmetrical with
a valence z and bulk concentration n™ and pg, (r) = pgy, the
potential inside the polyelectrolyte layer can be approxim-
ated by Eq. (36) with Eqgs. (37-39). Note that the potential
is in practice equal to the Donnan potential pon inside
the polyelectrolyte layer and varies only in the region near
the boundary r = b between the polyelectrolyte layer and
the surrounding solution. That is, y changes most appreci-
ably near r = b, in other words, dy/dr is practically zero
expect in the region near r = b. Then we can approxim-
ately replace (1 + a?/r?) in the expression (27) for G(r) by
(1 + a?/b?), giving

a? > zZen™ dy

- hatl APt —zy
G(r) (1 + 2 N dr (e +e 7).

(43)

By using Eq. (43) and the potential distribution given by
Eg. (36), we obtain from Eq. (17)

&80 Yo/Km + Ypon/A I:l I 1 ]

ioﬁx
e Uk + 1/7 (1 + dja)?

nit’

(44)

For low potentials, Eq. (44) reduces to

Psx 1/AN 1+ 22 1
= 1+={-— 1 . (45
He nal[ +2<K> e | Tardatf| ®
In the limit of d < a. Eq.(44) (or Eq.{45)) reduces to
Eq. (40) (or Eq. (41)), while in the opposite limit of d > a,
Eq. (45) becomes Eq.(34). Namely, Eq.(45) connects
Eq. (34) with Eq. (41).
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Cylinder in a tangential field

Henry [8] showed that the electrophoretic mobility p; of
an infinitely long cylindrical hard particle in a tangential
field is independent of the cylinder radius a and is equal to
that for a plate-like particle with the applied field being
parallel to the particle surface. It can readily be proven
that the same is true for the mobility of a cylindrical soft
particle. The mobility expression for a tangential field y, is
thus given by Eq. (35). For the case where la > 1, ka > 1,
Ad > 1, kd > 1 and pg,(¥) = pgy, this is given by Eq. (40),
viz,,

_ &é&o Yo/Km + Wpon/A  Pix (46)
e T ke + 12 A2
or Eq. (41) for low potentials, viz.,
Psix A 2 1 + i/zK
=2 -] — . 4
H n;“2|:1+<K> 1+1/K (7)

Results and discussion

In the present paper we have presented a theory of the
electrophoresis of a cylindrical soft particle and derived
simple approximate mobility formulas (44) for u, and (46)
for u;, which are applicable when da > 1, ka > 1, Ad » 1
and xd > 1. These mobility formulas consist of two terms,
as in the case of spherical soft particles [1-3]. The first
term on the right-hand side of each of Eqs. (44 and 46) is
proportional to a weighted average of ¥, and Ypon and
the second term arises from the balance of forces acting
directly on the resistance centers in the polyelectrolyte
layer. This second term, which is not subject to the ionic
shielding effect, tends to a non-zero value in the limit of
high electrolyte concentrations. The existence of a non-
zero limiting mobility value is a characteristic of elec-
trophoresis theories based on the Debye—Bueche model
[4], which is valid as long as the size of the polymer
segments is much smaller than 1/x.

The mobility expressions (44) and (46) can be com-
bined, by introducing a function f(d/a), as

_ &EoYo/Km + Yoon/A [ d
R T Uka + 1A f(a>+

pﬁx
ni*’

(48)

That is, when a cylinder is oriented perpendicular to the
applied electric field, f(d/a) is given by

a1 !
f<5>=§[1 ta +d/a)2:|

which varies from 1 to 1/2 as d/a increases. If, on the other
hand, a cylinder is parallel to the applied field, then f(d/a)

(49)

e
)'[fb (/‘ ‘\.ﬁ"‘\ ™
) BNy o\
y Z? Q\; U"K\’}{_‘Q{\\
—la e ) | ]
dg 2 \;« ' ?{f’ ’;J Iw
aiN 5 S
s s 7 -
T T T
1.0 | =
| \ Cylinder (/)
08 ' 7
Spht; I
0.6 .
\\\
Cylinder (L)
0.4 —— . 5 ’ :

102 1 102 104

dla

104

Fig. 2 f(d/a)for a cylinder in a transverse field (1) (given by Eq. (49))
or in a tangential field (]|) (Eq.(50)) in comparison with that for
a sphere (Eq. (51))

is always equal to unity, i.e.,

(9

It is to be noted that for a spherical soft particle (a spheri-
cal particle core of radius a covered with a polyelectrolyte
layer of thickness d), f(d/a)} is given by [1-3]

d\ 2 1
f(£>=§[1 taa +d/a)3]’

which varies from 1 to 2/3 as d/a increases.

The function f'(d/a) essentially represents the effects of
the distortion of an applied electric field due to the pres-
ence of the particle core and thus it corresponds to Henry’s
function for a rigid cylinder [ 7] and for a rigid sphere [10].
Indeed, the thickness d of the polyelectrolyte layer plays
a role of the thickness of the electrical double layer (1/x) for
the case of rigid particles. In Fig. 2 we plot the function
f(d/a) for a cylinder in a transverse field (Eq. (49)) or in
a tangential field (Eq. (50)) in comparison with that for
a sphere (Eq. (51)). In the case of a cylinder in a transverse
field (Eq. (49)), for d/a < 1072 (f(d/a) ~ 1), the cylindrical
soft particle behaves like a planar soft particle. On the
other hand, for d/a > 10 (f(d/a) ~ 1/2), the cylindrical soft
particle behaves like a cylindrical polyelectrolyte with no

(50

(51)
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particle core. That is, in the latter case the effect of the
presence of the particle core (i.e., the field-distortion effect)
can be ignored. For a cylindrical soft particle oriented at
an arbitrary angle between its axis and the applied electric
field, its electrophoretic mobility averaged over a random
distribution of orientation is given by, as in the case of
hard cylinders [11, 12],

,u'av:%:u\t +%H_L - (52)

Conclusions

The principal result of the present paper 1s Eq. (48) (with
Egs. (49 and 50)). This expression gives the electrophoretic

mobility of cylindrical soft particles (i.e., a cylindrical hard
colloidal particle of radius a coated with a layer of ion-
penetrable polyelectrolytes of thickness d) in an electrolyte
solution in an applied transverse or tangential electric
field. Equation (48) tends to the mobility expression for
a cylindrical hard particle for d — 0 or the frictional co-
efficient in the polyelectrolyte layer becomes infinity
(A — o0). It also tends to the mobility expression for a
cylindrical polyelectrolyte for d/a —» c© and to that for
a plate-like soft particle for d/a — 0.
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